FUNDAMENTALS OF
STATISTICS :

KEY STATISTICAL CONCEPTS FOR DATA SCIENTIST AND ANALYTICS WITH i
PYTHON IMPLEMENTATION T




As Karl Pearson, a British mathematician has once stated,
Statistics is the grammar of science and this holds especially
for Computer and Information Sciences, Physical Science, and
Biological Science. When you are getting started with your
journey in Data Science or Data Analytics, having
statistical knowledge will help you to better leverage data

insights.

“Statistics is the grammar of science.” Karl Pearson

The importance of statistics in data science and data analytics
cannot be underestimated. Statistics provides tools and
methods to find structure and to give deeper data insights.
Both Statistics and Mathematics love facts and hate guesses.
Knowing the fundamentals of these two important subjects
will allow you to think critically, and be creative when using

the data to solve business problems and make data-driven



decisions. In this article, I will cover the following Statistics

topics for data science and data analytics:

- Random variables

- Probability distribution functions (PDF's)

- Mean, Variance, Standard Deviation

- Covariance and Correlation

- Bayes Theorem

- Linear Regression and Ordinary Least Squares (OLS)

- Gauss-Markov Theorem

- Parameter properties (Bias, Consistency, Efficiency)

- Confidence intervals

- Hypothesis testing



- Statistical significance

- Type I & Type II Errors

- Statistical tests (Student's t-test, F-test)

- p-value and its limitations

- Inferential Statistics

- Central Limit Theorem & Law of Large Numbers

- Dimensionality reduction techniques (PCA, FA)

If you have no prior Statistical knowledge and you want to
identify and learn the essential statistical concepts from the
scratch, to prepare for your job interviews, then this article is
for you. This article will also be a good read for anyone who

wants to refresh his/her statistical knowledge.
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Random Variables

The concept of random variables forms the cornerstone of
many statistical concepts. It might be hard to digest its formal
mathematical definition but simply put, a random variable
is a way to map the outcomes of random processes, such as
flipping a coin or rolling a dice, to numbers. For instance, we

can define the random process of flipping a coin by random


https://join.lunartech.ai/abtesting-optin

variable X which takes a value 1 if the outcome if heads and o

if the outcome is tails.

I

1 if heads

0 if tails

—

In this example, we have a random process of flipping a coin
where this experiment can produce two possible
outcomes: {0,1}. This set of all possible outcomes is called
the sample space of the experiment. Each time the random
process is repeated, it is referred to as an event. In this
example, flipping a coin and getting a tail as an outcome is an
event. The chance or the likelihood of this event occurring
with a particular outcome is called the probability of that
event. A probability of an event is the likelihood that a random
variable takes a specific value of x which can be described by

P(x). In the example of flipping a coin, the likelihood of getting



heads or tails is the same, that is 0.5 or 50%. So we have the

following setting:

Pr (X =heads) =0.5
Pr (X =tails) =0.5

where the probability of an event, in this example, can only

take values in the range [0,1].

The importance of statistics in data science

and data analytics cannot be

underestimated. Statistics provides tools

and methods to find structure and to give

deeper data insights.



Mean, Variance, Standard Deviation

To understand the concepts of mean, variance, and many
other statistical topics, it is important to learn the concepts of
population and sample. The population is the set of all
observations (individuals, objects, events, or procedures) and
is usually very large and diverse, whereas a sample is a subset
of observations from the population that ideally is a true

representation of the population.

Population

—————

Image Source: The Author

Given that experimenting with an entire population is either
impossible or simply too expensive, researchers or analysts

use samples rather than the entire population in their



experiments or trials. To make sure that the experimental
results are reliable and hold for the entire population, the
sample needs to be a true representation of the population.
That is, the sample needs to be unbiased. For this purpose,
one can use statistical sampling techniques such as Random

Sampling, Systematic Sampling, Clustered Sampling,

Weighted Sampling, and Stratified Sampling.

Mean

The mean, also known as the average, is a central value of a
finite set of numbers. Let’s assume a random variable X in the

data has the following values:

X1, X5, X3,y XN

where N is the number of observations or data points in the
sample set or simply the data frequency. Then the sample
mean defined by p, which is very often used to approximate

the population mean, can be expressed as follows:
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The mean is also referred to as expectation which is often
defined by E() or random variable with a bar on the top. For
example, the expectation of random variables X and Y, that is

E(X) and E(Y), respectively, can be expressed as follows:
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import

import

mean X

np.

numpy as np

math

array([1,3,5,6])

= np.mean (x)



# in case the data contains Nan values
X nan = np.array([1,3,5,6, math.nan])

mean X nan = np.nanmean (X _nan)

Variance

The variance measures how far the data points are spread out
from the average value, and is equal to the sum of squares of
differences between the data values and the average (the
mean). Furthermore, the population variance, can be

expressed as follows:

(72 ?Ll(jﬁ __Ii)z
N

X = np.array([1l,3,5,61])

variance x = np.var (x)



# here you need to specify the degrees of freedom (df)
max number of logically independent data points that have
freedom to vary

X nan = np.array([1,3,5,6, math.nan])

mean X nan = np.nanvar (x nan, ddof = 1)

For deriving expectations and variances of different popular

probability distribution functions, check out this Github repo.

Standard Deviation

The standard deviation is simply the square root of the
variance and measures the extent to which data varies from its
mean. The standard deviation defined by sigma can be

expressed as follows:

?;1(’51' — p)?
N
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Standard deviation is often preferred over the variance
because it has the same unit as the data points, which means

you can interpret it more easily.

x = np.array([1l,3,5,6])

variance x = np.std(x)

X nan = np.array([1,3,5,6, math.nan])

mean X nan = np.nanstd(x nan, ddof = 1)

Covariance

The covariance is a measure of the joint variability of two
random variables and describes the relationship between
these two variables. It is defined as the expected value of the
product of the two random variables’ deviations from their

means. The covariance between two random variables X and Z



can be described by the following expression, where E(X) and

E(Z) represent the means of X and Z, respectively.

Cov(X,Z2) = E [(X - EX)) (Z- E(2))]

Covariance can take negative or positive values as well as value
0. A positive value of covariance indicates that two random
variables tend to vary in the same direction, whereas a
negative value suggests that these variables vary in opposite
directions. Finally, the value 0 means that they don’t vary

together.

x = np.array([1,3,5,6])

= np.array([-2,-4,-5,-6])

S
|

#this will return the covariance matrix of x,y containing
X _variance, y variance on diagonal elements and

covariance of x,y



COV_XYy = np.cov(x,y)

Correlation

The correlation is also a measure for relationship and it
measures both the strength and the direction of the linear
relationship between two variables. If a correlation is detected
then it means that there is a relationship or a pattern between
the values of two target variables. Correlation between two
random variables X and Z are equal to the covariance between
these two variables divided to the product of the standard
deviations of these variables which can be described by the

following expression.

Cov (X,Z)

Ox03z

Cor (X,Z) =

Correlation coefficients’ values range between -1 and 1. Keep
in mind that the correlation of a variable with itself is always 1,
that is Cor(X, X) = 1. Another thing to keep in mind when

interpreting correlation is to not confuse it with causation,



given that a correlation is not causation. Even if there is a
correlation between two variables, you cannot conclude that
one variable causes a change in the other. This relationship
could be coincidental, or a third factor might be causing both

variables to change.

X
Il

np.array([1,3,5,6])

y = np.array([-2,-4,-5,-6])

corr = np.corrcoef (x,vy)

Probability Distribution Functions

A function that describes all the possible values, the sample
space, and the corresponding probabilities that a random
variable can take within a given range, bounded between the
minimum and maximum possible values, is called a
probability distribution function (pdf) or probability

density. Every pdf needs to satisfy the following two criteria:



0<PrX)<1

LpX)=1

where the first criterium states that all probabilities should be
numbers in the range of [0,1] and the second criterium states

that the sum of all possible probabilities should be equal to 1.

Probability functions are usually classified into two categories:
discrete and continuous. Discrete distribution function
describes the random process with countable sample space,
like in the case of an example of tossing a coin that has only
two possible outcomes. Continuous distribution function
describes the random process with continuous sample
space. Examples of discrete distribution functions are

Bernoulli, Binomial, Poisson, Discrete Uniform. Examples of

continuous distribution functions are Normal, Continuous

Uniform, Cauchy.

Binomial Distribution


https://en.wikipedia.org/wiki/Bernoulli_distribution
https://en.wikipedia.org/wiki/Binomial_distribution
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https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Continuous_uniform_distribution
https://en.wikipedia.org/wiki/Continuous_uniform_distribution
https://en.wikipedia.org/wiki/Cauchy_distribution

The binomial distribution is the discrete probability

distribution of the number of successes in a sequence of n
independent experiments, each with the boolean-valued
outcome: success (with probability p) or failure (with
probability q = 1 — p). Let's assume a random variable X
follows a Binomial distribution, then the probability of
observing k successes in n independent trials can be expressed

by the following probability density function:

Prx=0=( ) pkq"*

The binomial distribution is useful when analyzing the results
of repeated independent experiments, especially if one is
interested in the probability of meeting a particular threshold

given a specific error rate.

Binomial Distribution Mean & Variance


https://brilliant.org/wiki/binomial-distribution/

E(X) =np

Var(X) = npq

The figure below visualizes an example of Binomial
distribution where the number of independent trials is equal

to 8 and the probability of success in each trial is equal to 16%.

Binomial distribution withp = 0.16 n =8
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Image Source: The Author

# Random Generation of 1000 independent Binomial samples

import numpy as np



p = 0.16
N = 1000
X = np.random.binomial (n,p,N)

# Histogram of Binomial distribution

import matplotlib.pyplot as plt

counts, bins, ignored = plt.hist (X, 20, density = True,
rwidth = 0.7, color = 'purple')

plt.title("Binomial distribution with p = 0.16 n = 8")

plt.xlabel ("Number of successes")

plt.ylabel ("Probability")

plt.show ()



Poisson Distribution

The Poisson distribution is the discrete probability
distribution of the number of events occurring in a specified
time period, given the average number of times the event
occurs over that time period. Let's assume a random variable
X follows a Poisson distribution, then the probability of
observing k events over a time period can be expressed by the

following probability function:

e
k!

Pr(X=k)=

where e is Euler’s number and A lambda, the arrival rate

parameter is the expected value of X. Poisson distribution
function is very popular for its usage in modeling countable

events occurring within a given time interval.

Poisson Distribution Mean & Variance


https://brilliant.org/wiki/poisson-distribution/
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E(X) = A

Var(X)= A

For example, Poisson distribution can be used to model the
number of customers arriving in the shop between 7 and 10
pm, or the number of patients arriving in an emergency room
between 11 and 12 pm. The figure below visualizes an example
of Poisson distribution where we count the number of Web
visitors arriving at the website where the arrival rate, lambda,

is assumed to be equal to 7 minutes.



Randomly generating from Poisson Distribution with lambda = 7
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# Random Generation of 1000 independent Poisson samples

import numpy as np

lambda = 7

Z
Il

1000

X = np.random.poisson (lambda ,N)



# Histogram of Poisson distribution

import matplotlib.pyplot as plt

counts, bins, ignored = plt.hist (X, 50, density = True,
color = 'purple')

plt.title ("Randomly generating from Poisson Distribution
with lambda = 7")

plt.xlabel ("Number of visitors")

plt.ylabel ("Probability")

plt.show ()

Normal Distribution

The Normal probability distribution is the continuous

probability distribution for a real-valued random variable.
Normal distribution, also called Gaussian distribution is
arguably one of the most popular distribution functions that
are commonly used in social and natural sciences for modeling
purposes, for example, it is used to model people’s height or

test scores. Let's assume a random variable X follows a


https://brilliant.org/wiki/normal-distribution/

Normal distribution, then its probability density function can

be expressed as follows.

— L pdoity2
e 2(9')

Pr(X=K=——

where the parameter p (mu) is the mean of the distribution
also referred to as the location parameter, parameter o
(sigma) is the standard deviation of the distribution also
referred to as the scale parameter. The number z (pi) is a

mathematical constant approximately equal to 3.14.

Normal Distribution Mean & Variance

E(X)=pu

Var(X) = ¢

The figure below visualizes an example of Normal distribution

with a mean o (u = 0) and standard deviation of 1 (o = 1),


https://www.mathsisfun.com/numbers/pi.html

which is referred to as Standard Normal distribution which

is symmetric.

Randomly generating 1000 obs from Normal distribution mu = 0 sigma =1
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# Random Generation of 1000 independent Normal samples

import numpy as np

mu = 0

1

sigma

N = 1000



X = np.random.normal (mu, sigma, N)

# Population distribution

from scipy.stats import norm

X values = np.arange(-5,5,0.01)

y _values = norm.pdf (x values)

#Sample histogram with Population distribution

import matplotlib.pyplot as plt

counts, bins, ignored = plt.hist (X, 30, density =

True,color = 'purple',6 label = 'Sampling Distribution')
plt.plot (x values,y values, color = 'y', linewidth =
2.5,label = 'Population Distribution')

plt.title ("Randomly generating 1000 obs from Normal
distribution mu = 0 sigma = 1")



plt.ylabel ("Probability")

plt.legend()

plt.show ()

Bayes Theorem

The Bayes Theorem or often called Bayes Law is arguably
the most powerful rule of probability and statistics, named

after famous English statistician and philosopher, Thomas

Bayes.

Image Source: Wikipedia


https://en.wikipedia.org/wiki/Thomas_Bayes

Bayes theorem is a powerful probability law that brings the
concept of subjectivity into the world of Statistics and
Mathematics where everything is about facts. It describes the
probability of an event, based on the prior information of
conditions that might be related to that event. For instance,
if the risk of getting Coronavirus or Covid-19 is known to
increase with age, then Bayes Theorem allows the risk to an
individual of a known age to be determined more accurately by
conditioning it on the age than simply assuming that this

individual is common to the population as a whole.

The concept of conditional probability, which plays a
central role in Bayes theory, is a measure of the probability of
an event happening, given that another event has already
occurred. Bayes theorem can be described by the following
expression where the X and Y stand for events X and Y,

respectively:



Pr (Y| X) Pr (X)
Pr (Y)

PrX1Y)=

e Pr (X|Y): the probability of event X occurring given
that event or condition Y has occurred or is true

e Pr(Y|X): the probability of event Y occurring given
that event or condition X has occurred or is true

e Pr(X) & Pr (Y): the probabilities of observing events

X and Y, respectively

In the case of the earlier example, the probability of getting
Coronavirus (event X) conditional on being at a certain age is
Pr (X]Y), which is equal to the probability of being at a certain
age given one got a Coronavirus, Pr (Y|X), multiplied with the
probability of getting a Coronavirus, Pr (X), divided to the

probability of being at a certain age., Pr (Y).

Linear Regression

Earlier, the concept of causation between variables was

introduced, which happens when a variable has a direct



impact on another variable. When the relationship between
two variables is linear, then Linear Regression is a statistical
method that can help to model the impact of a unit change in a
variable, the independent variable on the values of

another variable, the dependent variable.

Dependent variables are often referred to as response
variables or explained variables, whereas independent
variables are often referred to as regressors or
explanatory variables. When the Linear Regression model
is based on a single independent variable, then the model is
called Simple Linear Regression and when the model is
based on multiple independent variables, it’s referred to as
Multiple Linear Regression. Simple Linear Regression

can be described by the following expression:

Yi = Bo+ BiXi+ y



where Y is the dependent variable, X is the independent
variable which is part of the data, o is the intercept which is
unknown and constant, 1 is the slope coefficient or a
parameter corresponding to the variable X which is unknown
and constant as well. Finally, u is the error term that the
model makes when estimating the Y values. The main idea
behind linear regression is to find the best-fitting straight line,
the regression line, through a set of paired ( X, Y ) data.
One example of the Linear Regression application is modeling
the impact of Flipper Length on penguins’ Body Mass, which

is visualized below.
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# R code for the graph

install.packages ("ggplot2")

install.packages ("palmerpenguins")

library (palmerpenguins)

library(ggplot2)

!
220




View (data (penguins))

ggplot (data = penguins, aes(x = flipper length mm,y =
body mass_g))+

geom smooth (method = "1lm", se = FALSE, color =
'purple') +

geom point () +

labs (x="Flipper Length (mm)",y="Body Mass (g)")

Multiple Linear Regression with three independent variables

can be described by the following expression:

Yi = Po+ B1X1,i+ B2Xz;i + B3X3; + yj

Ordinary Least Squares

The ordinary least squares (OLS) is a method for estimating
the unknown parameters such as fo and 1 in a linear

regression model. The model is based on the principle of least



squares that minimizes the sum of squares of the differences
between the observed dependent variable and its values
predicted by the linear function of the independent variable,
often referred to as fitted values. This difference between
the real and predicted values of dependent variable Y is
referred to as residual and what OLS does, is minimizing the
sum of squared residuals. This optimization problem results in
the following OLS estimates for the unknown parameters 3o

and B1 which are also known as coefficient estimates.

_ s (X —X) (Y -Y)
' IN(X; - X)?

)

ﬁn = Y- 31}_(

Once these parameters of the Simple Linear Regression model
are estimated, the fitted values of the response variable can

be computed as follows:



Standard Error

The residuals or the estimated error terms can be

determined as follows:

It is important to keep in mind the difference between the
error terms and residuals. Error terms are never observed,
while the residuals are calculated from the data. The OLS
estimates the error terms for each observation but not the
actual error term. So, the true error variance is still unknown.
Moreover, these estimates are subject to sampling uncertainty.
What this means is that we will never be able to determine the
exact estimate, the true value, of these parameters from
sample data in an empirical application. However, we can
estimate it by calculating the sample residual variance by

using the residuals as follows.



N ~2
2 i1 U

0 N—2

This estimate for the variance of sample residuals helps to
estimate the variance of the estimated parameters which is

often expressed as follows:

Var (B)

The squared root of this variance term is called the standard
error of the estimate which is a key component in assessing
the accuracy of the parameter estimates. It is used to
calculating test statistics and confidence intervals. The

standard error can be expressed as follows:

SE(B)=+/Var (B)



It is important to keep in mind the difference

between the error terms and residuals. Error

terms are never observed, while the

residuals are calculated from the data.

OLS Assumptions

OLS estimation method makes the following assumption

which needs to be satisfied to get reliable prediction results:

A1: Linearity assumption states that the model is linear in

parameters.

A2: Random Sample assumption states that all

observations in the sample are randomly selected.



A3: Exogeneity assumption states that independent

variables are uncorrelated with the error terms.

A4: Homoskedasticity assumption states that the variance

of all error terms is constant.

A5: No Perfect Multi-Collinearity assumption states that
none of the independent variables is constant and there are no

exact linear relationships between the independent variables.

def runOLS(Y,X) :

# OLS esyimation Y = Xb + e --> beta hat =
(X'X) =1 (X'Y)

beta hat = np.dot (np.linalg.inv(np.dot (np.transpose (X),
X)), np.dot (np.transpose (X), Y))

# OLS prediction



Y hat = np.dot (X,beta hat)

residuals = Y-Y hat

RSS = np.sum(np.square (residuals))

sigma squared hat = RSS/(N-2)

TSS = np.sum(np.square (Y-np.repeat (¥Y.mean (), len(Y))))

MSE = sigma squared hat

RMSE = np.sqgrt (MSE)

R squared = (TSS-RSS)/TSS

# Standard error of estimates:square root of estimate's

variance

var beta hat =
np.linalg.inv (np.dot (np.transpose (X),X)) *sigma squared ha
t



t stats []

p_values = []

CI s = []

for 1 in range (len (beta)) :

#standard errors

SE 1 = np.sqgrt(var beta hat[i,i])

SE.append (np.round (SE_1i, 3))

#t-statistics

t stat = np.round(beta hat[i,0]/SE i, 3)



t stats.append(t stat)

#p-value of t-stat p[lt stat| >= t-treshhold two
sided]

p value = t.sf(np.abs(t stat),N-2) * 2

p _values.append (np.round(p value, 3))

#Confidence intervals = beta hat -+
margin of error

t critical = t.ppf(g =1-0.05/2, df = N-2)

margin of error = t critical*SE i

CI = [np.round(beta hat[i,0]-margin of error, 3),
np.round (beta hat[i,0]+margin of error,3)]

CI s.append(CI)



return (beta hat, SE, t stats, p values,CI s,

MSE, RMSE, R squared)

Parameter Properties

Under the assumption that the OLS criteria A1 — A5 are
satisfied, the OLS estimators of coefficients fo and f1 are

BLUE and Consistent.

Gauss-Markov theorem

This theorem highlights the properties of OLS estimates where
the term BLUE stands for Best Linear Unbiased

Estimator.

Bias

The bias of an estimator is the difference between its expected
value and the true value of the parameter being estimated and

can be expressed as follows:



Bias (B,B) =E (B) — B

When we state that the estimator is unbiased what we mean
is that the bias is equal to zero, which implies that the
expected value of the estimator is equal to the true parameter

value, that is:

EB) =8

Unbiasedness does not guarantee that the obtained estimate
with any particular sample is equal or close to . What it
means is that, if one repeatedly draws random samples from
the population and then computes the estimate each time,
then the average of these estimates would be equal or very

close to 3.

Efficiency

The term Best in the Gauss-Markov theorem relates to the

variance of the estimator and is referred to as efficiency. A



parameter can have multiple estimators but the one with the

lowest variance is called efficient.

Consistency

The term consistency goes hand in hand with the terms
sample size and convergence. If the estimator converges
to the true parameter as the sample size becomes very large,

then this estimator is said to be consistent, that is:

Under the assumption that the OLS criteria

A1 — A5 are satisfied, the OLS estimators

of coefficients 30 and 1 are BLUE and

Consistent.



Gauss-Markov Theorem

All these properties hold for OLS estimates as summarized in
the Gauss-Markov theorem. In other words, OLS estimates
have the smallest variance, they are unbiased, linear in
parameters, and are consistent. These properties can be
mathematically proven by using the OLS assumptions made

earlier.

Confidence Intervals

The Confidence Interval is the range that contains the true
population parameter with a certain pre-specified probability,
referred to as the confidence level of the experiment, and it
is obtained by using the sample results and the margin of

error.

Margin of Error



The margin of error is the difference between the sample
results and based on what the result would have been if one

had used the entire population.

Confidence Level

The Confidence Level describes the level of certainty in the
experimental results. For example, a 95% confidence level
means that if one were to perform the same experiment
repeatedly for 100 times, then 95 of those 100 trials would
lead to similar results. Note that the confidence level is defined
before the start of the experiment because it will affect how big

the margin of error will be at the end of the experiment.

Confidence Interval for OLS Estimates

As it was mentioned earlier, the OLS estimates of the Simple
Linear Regression, the estimates for intercept o and slope
coefficient 1, are subject to sampling uncertainty. However,
we can construct CI’s for these parameters which will contain
the true value of these parameters in 95% of all samples. That

is, 95% confidence interval for [ can be interpreted as follows:



e The confidence interval is the set of values for which
a hypothesis test cannot be rejected to the level of 5%.
e The confidence interval has a 95% chance to contain

the true value of 3.

95% confidence interval of OLS estimates can be constructed

as follows:

c1ls = [Bi - 1.96 SE (B.), Bi + 1.96 SE (§,)]

which is based on the parameter estimate, the standard error
of that estimate, and the value 1.96 representing the margin of
error corresponding to the 5% rejection rule. This value is

determined using the Normal Distribution table, which will be

discussed later on in this article. Meanwhile, the following

figure illustrates the idea of 95% CI:


https://freakonometrics.hypotheses.org/9404

34.1%9 34.1%

Image Source: Wikipedia

Note that the confidence interval depends on the sample size
as well, given that it is calculated using the standard error

which is based on sample size.

The confidence level is defined before the

start of the experiment because it will affect

how big the margin of error will be at the end

of the experiment.


https://en.wikipedia.org/wiki/Standard_deviation#/media/File:Standard_deviation_diagram.svg

Statistical Hypothesis testing

Testing a hypothesis in Statistics is a way to test the results of
an experiment or survey to determine how meaningful they
the results are. Basically, one is testing whether the obtained
results are valid by figuring out the odds that the results have
occurred by chance. If it is the letter, then the results are not
reliable and neither is the experiment. Hypothesis Testing is

part of the Statistical Inference.

Null and Alternative Hypothesis

Firstly, you need to determine the thesis you wish to test, then
you need to formulate the Null Hypothesis and the
Alternative Hypothesis. The test can have two possible
outcomes and based on the statistical results you can either
reject the stated hypothesis or accept it. As a rule of thumb,
statisticians tend to put the version or formulation of the
hypothesis under the Null Hypothesis that that needs to be
rejected, whereas the acceptable and desired version is stated

under the Alternative Hypothesis.



Statistical significance

Let’s look at the earlier mentioned example where the Linear
Regression model was used to investigating whether a
penguins’ Flipper Length, the independent variable, has an
impact on Body Mass, the dependent variable. We can

formulate this model with the following statistical expression:

YBodyMass = Po + B1XplipperLength + Ui

Then, once the OLS estimates of the coefficients are estimated,
we can formulate the following Null and Alternative
Hypothesis to test whether the Flipper Length has a

statistically significant impact on the Body Mass:

{Ho: Flipper Length doesn't have statistically significant impact on Body Mass
H,: Flipper Length has statistically significant impact on Body Mass

where Ho and H1 represent Null Hypothesis and Alternative

Hypothesis, respectively. Rejecting the Null Hypothesis would



mean that a one-unit increase in Flipper Length has a direct
impact on the Body Mass. Given that the parameter estimate
of B1is describing this impact of the independent variable,
Flipper Length, on the dependent variable, Body Mass. This

hypothesis can be reformulated as follows:
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where Ho states that the parameter estimate of 1 is equal to

0, that is Flipper Length effect on Body Mass is statistically
insignificant whereas Ho states that the parameter estimate
of B1is not equal to 0 suggesting that Flipper Length effect on

Body Mass is statistically significant.

Type | and Type Il Errors

When performing Statistical Hypothesis Testing one needs to
consider two conceptual types of errors: Type I error and Type

IT error. The Type I error occurs when the Null is wrongly



rejected whereas the Type II error occurs when the Null
Hypothesis is wrongly not rejected. A confusion_matrix can
help to clearly visualize the severity of these two types of

errors.

As a rule of thumb, statisticians tend to put

the version the hypothesis under the Null

Hypothesis that that needs to be rejected,

whereas the acceptable and desired version

Is stated under the Alternative Hypothesis.

Statistical Tests

Once the Null and the Alternative Hypotheses are stated and
the test assumptions are defined, the next step is to determine

which statistical test is appropriate and to calculate the test


https://www.dataschool.io/simple-guide-to-confusion-matrix-terminology/

statistic. Whether or not to reject or not reject the Null can
be determined by comparing the test statistic with the
critical value. This comparison shows whether or not the
observed test statistic is more extreme than the defined critical

value and it can have two possible results:

e The test statistic is more extreme than the critical
value — the null hypothesis can be rejected
e The test statistic is not as extreme as the critical value

— the null hypothesis cannot be rejected

The critical value is based on a prespecified significance
level a (usually chosen to be equal to 5%) and the type of
probability distribution the test statistic follows. The critical
value divides the area under this probability distribution curve
into the rejection region(s) and non-rejection region.
There are numerous statistical tests used to test various

hypotheses. Examples of Statistical tests are Student’s t-test,

F-test, Chi-squared test, Durbin-Hausman-Wu Endogeneity


https://en.wikipedia.org/wiki/Student%27s_t-test
https://en.wikipedia.org/wiki/F-test
https://en.wikipedia.org/wiki/Chi-squared_test
https://www.stata.com/support/faqs/statistics/durbin-wu-hausman-test/

test, White Heteroskedasticity test. In this article, we will look

at two of these statistical tests.

The Type | error occurs when the Null is

wrongly rejected whereas the Type Il error

occurs when the Null Hypothesis is wrongly

not rejected.

Student’s t-test

One of the simplest and most popular statistical tests is the
Student’s t-test. which can be used for testing various
hypotheses especially when dealing with a hypothesis where
the main area of interest is to find evidence for the statistically
significant effect of a single variable. The test statistics of

the t-test follows Student’s t distribution and can be

determined as follows:


https://www.stata.com/support/faqs/statistics/durbin-wu-hausman-test/
https://en.wikipedia.org/wiki/White_test#:~:text=In%20statistics%2C%20the%20White%20test,by%20Halbert%20White%20in%201980.
https://en.wikipedia.org/wiki/Student%27s_t-distribution
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stat SE (Bl)

where ho in the nominator is the value against which the
parameter estimate is being tested. So, the t-test statistics are
equal to the parameter estimate minus the hypothesized value
divided by the standard error of the coefficient estimate. In the
earlier stated hypothesis, where we wanted to test whether
Flipper Length has a statistically significant impact on Body
Mass or not. This test can be performed using a t-test and the

ho is in that case equal to the 0 since the slope coefficient

estimate is tested against value o.

There are two versions of the t-test: a two-sided t-test and a
one-sided t-test. Whether you need the former or the latter
version of the test depends entirely on the hypothesis that you

want to test.



The two-sided or two-tailed t-test can be used when the
hypothesis is testing equal versus not equal relationship under
the Null and Alternative Hypotheses that is similar to the

following example:

Hy:
Hl:

e TR
= =

H

= -
o =

The two-sided t-test has two rejection regions as

visualized in the figure below:

Reject Hy : Do not reject Hg Reject Hy
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Image Source: Hartmann, K., Krois, J., Waske, B. (2018): E-Learning Project SOGA:
Statistics and Geospatial Data Analysis. Department of Earth Sciences, Freie
Universitaet Berlin



https://www.geo.fu-berlin.de/en/v/soga/Basics-of-statistics/Hypothesis-Tests/Introduction-to-Hypothesis-Testing/Critical-Value-and-the-p-Value-Approach/index.html
https://www.geo.fu-berlin.de/en/v/soga/Basics-of-statistics/Hypothesis-Tests/Introduction-to-Hypothesis-Testing/Critical-Value-and-the-p-Value-Approach/index.html
https://www.geo.fu-berlin.de/en/v/soga/Basics-of-statistics/Hypothesis-Tests/Introduction-to-Hypothesis-Testing/Critical-Value-and-the-p-Value-Approach/index.html

In this version of the t-test, the Null is rejected if the

calculated t-statistics is either too small or too large.

Tstar < -togn OF Tstar > tan

| Tstat | > tan

Here, the test statistics are compared to the critical values
based on the sample size and the chosen significance level. To

determine the exact value of the cutoff point, the two-sided

t-distribution table can be used.

The one-sided or one-tailed t-test can be used when the
hypothesis is testing positive/negative versus
negative/positive relationship under the Null and Alternative

Hypotheses that is similar to the following examples:


https://www.google.com/search?q=t-table+two+sided&client=safari&rls=en&sxsrf=ALeKk01KSlU3EEtBeMcXPuh13ud42kRCWw%3A1618592162824&tbm=isch&ictx=1&fir=ZGAb8l8KaBNJiM%252CZaqfSsY36WrUvM%252C_&vet=1&usg=AI4_-kSaUb_tv_3EBZQRhYaQVYYaJ1uBHQ&sa=X&ved=2ahUKEwjBtZrXnYPwAhWHgv0HHQPmASUQ9QF6BAgSEAE&biw=1981&bih=1044#imgrc=ZGAb8l8KaBNJiM
https://www.google.com/search?q=t-table+two+sided&client=safari&rls=en&sxsrf=ALeKk01KSlU3EEtBeMcXPuh13ud42kRCWw%3A1618592162824&tbm=isch&ictx=1&fir=ZGAb8l8KaBNJiM%252CZaqfSsY36WrUvM%252C_&vet=1&usg=AI4_-kSaUb_tv_3EBZQRhYaQVYYaJ1uBHQ&sa=X&ved=2ahUKEwjBtZrXnYPwAhWHgv0HHQPmASUQ9QF6BAgSEAE&biw=1981&bih=1044#imgrc=ZGAb8l8KaBNJiM

Left Tailed Right Tailed
H[}:Bl>h0 H0:31<h0

Hy: B, < h Hy: B, = hy

One-sided t-test has a single rejection region and
depending on the hypothesis side the rejection region is either

on the left-hand side or the right-hand side as visualized in the

figure below:
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Image Source: Hartmann, K., Krois. J.. Waske, B. (2018): E-Learning Project SOGA:

Statistics and Geospatial Data Analysis. Department of Earth Sciences. Freie
Universitaet Berlin

In this version of the t-test, the Null is rejected if the

calculated t-statistics is smaller/larger than the critical value.


https://www.geo.fu-berlin.de/en/v/soga/Basics-of-statistics/Hypothesis-Tests/Introduction-to-Hypothesis-Testing/Critical-Value-and-the-p-Value-Approach/index.html
https://www.geo.fu-berlin.de/en/v/soga/Basics-of-statistics/Hypothesis-Tests/Introduction-to-Hypothesis-Testing/Critical-Value-and-the-p-Value-Approach/index.html
https://www.geo.fu-berlin.de/en/v/soga/Basics-of-statistics/Hypothesis-Tests/Introduction-to-Hypothesis-Testing/Critical-Value-and-the-p-Value-Approach/index.html
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F-test

F-test is another very popular statistical test often used to test
hypotheses testing a joint statistical significance of
multiple variables. This is the case when you want to test
whether multiple independent variables have a statistically
significant impact on a dependent variable. Following is an
example of a statistical hypothesis that can be tested using the

F-test:

where the Null states that the three variables corresponding to
these coefficients are jointly statistically insignificant and the

Alternative states that these three variables are jointly



statistically significant. The test statistics of the F-test follows

F distribution and can be determined as follows:

_ (SSRrestricted - SSRunrestricted) / 9
st SSRunrestricted il (N - kunrestricted B 1)

where the SSRrestricted is the sum of squared residuals
of the restricted model which is the same model excluding
from the data the target variables stated as insignificant under
the Null, the SSRunrestricted is the sum of squared residuals
of the unrestricted model which is the model that includes
all variables, the q represents the number of variables that are
being jointly tested for the insignificance under the Null, N is
the sample size, and the k is the total number of variables in
the unrestricted model. SSR values are provided next to the
parameter estimates after running the OLS regression and the
same holds for the F-statistics as well. Following is an example
of MLR model output where the SSR and F-statistics values

are marked.


https://en.wikipedia.org/wiki/F-distribution

Source | 55 ] df MS Number of obs = 420

5 F(4, 415) = 357.05

Model | 117862.131 d 4 29465,5327 Prob > F = 0.0000

Residual | 34247.4629 415 82.524007 R-squared = 0.7749

T - Adj R-sguared = 0.7727

Total | 152109.594 419 3632.030056 Root MSE = 9.0843
test_score Coef. Std. Err. t P>lt| [95% Conf. Interwval]

class size | =1.014353 .2397376 -4.23 0.000 =1.485605 -.5431019

el pect | =-.1258219 .0339873 =3.82 0.000 =.1%66504 =.0629934

meal pct -.5286191 .0321901 -16.42 0.000 -.591895 -.4653432

calw_pct | -.0478537 .0609698 -0.78 0.433 -.1677018 .0719544

_cons | 700,.3918 4.6979689 149.08 0.000 691.1571 709 .6266

Image Source:_Stock and Whatson

F-test has a single rejection region as visualized below:
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Michigan

If the calculated F-statistics is bigger than the critical value,
then the Null can be rejected which suggests that the
independent variables are jointly statistically significant. The

rejection rule can be expressed as follows:

Fstat > Fn::t,q,N


https://www.uio.no/studier/emner/sv/oekonomi/ECON4150/v18/lecture7_ols_multiple_regressors_hypothesis_tests.pdf
https://www.statisticshowto.com/probability-and-statistics/f-statistic-value-test/
https://www.statisticshowto.com/probability-and-statistics/f-statistic-value-test/

P-Values

Another quick way to determine whether to reject or to
support the Null Hypothesis is by using p-values. The
p-value is the probability of the condition under the Null
occurring. Stated differently, the p-value is the probability,
assuming the null hypothesis is true, of observing a result at
least as extreme as the test statistic. The smaller the p-value,
the stronger is the evidence against the Null Hypothesis,

suggesting that it can be rejected.

The interpretation of a p-value is dependent on the chosen
significance level. Most often, 1%, 5%, or 10% significance
levels are used to interpret the p-value. So, instead of using the
t-test and the F-test, p-values of these test statistics can be

used to test the same hypotheses.

The following figure shows a sample output of an OLS
regression with two independent variables. In this table, the

p-value of the t-test, testing the statistical significance of



class_size variable’s parameter estimate, and the p-value of
the F-test, testing the joint statistical significance of the

class_size, and el _pct variables parameter estimates, are

underlined.

Linear regression Humber of obs = 420
F(2, 417) = 223.82

Prob > F m 0.0
R-squared e 0.4264
Root MSE = 14.464

Robust

test score Coef. Std. BErr. t B>t [25% Conf. Interval]
class _size =1.101296 .4328472 =2.54 0.011 =1.95213 =.2504616
el pect -.6497768 .0310318 -20.94 0.000 -.710775 -.58877886

_cons 686.0322 8.728224 78.60 0.000 668.8754 703.189

Image Source:_Stock and Whatson

The p-value corresponding to the class_size variable is 0.011
and when comparing this value to the significance levels 1% or
0.01, 5% or 0.05, 10% or 0.1, then the following conclusions

can be made:

e 0.011 > 0.01 — Null of the t-test can’t be rejected at
1% significance level
e 0.011 < 0.05 — Null of the t-test can be rejected at

5% significance level


https://www.uio.no/studier/emner/sv/oekonomi/ECON4150/v18/lecture7_ols_multiple_regressors_hypothesis_tests.pdf

e 0.011 < 0.10 —Null of the t-test can be rejected at

10% significance level

So, this p-value suggests that the coefficient of the class_size
variable is statistically significant at 5% and 10% significance
levels. The p-value corresponding to the F-test is 0.0000 and
since 0 is smaller than all three cutoff values; 0.01, 0.05, 0.10,
we can conclude that the Null of the F-test can be rejected in
all three cases. This suggests that the coefficients of class_size
and el _pct variables are jointly statistically significant at 1%,

5%, and 10% significance levels.

Limitation of p-values

Although, using p-values has many benefits but it has also
limitations. Namely, the p-value depends on both the
magnitude of association and the sample size. If the
magnitude of the effect is small and statistically insignificant,
the p-value might still show a significant impact because

the large sample size is large. The opposite can occur as well,



an effect can be large, but fail to meet the p<0.01, 0.05, or 0.10

criteria if the sample size is small.

Inferential Statistics

Inferential statistics uses sample data to make reasonable
judgments about the population from which the sample data
originated. It’s used to investigate the relationships between
variables within a sample and make predictions about how

these variables will relate to a larger population.

Both Law of Large Numbers (LLN) and Central Limit
Theorem (CLM) have a significant role in Inferential
statistics because they show that the experimental results hold
regardless of what shape the original population distribution
was when the data is large enough. The more data is gathered,
the more accurate the statistical inferences become, hence, the

more accurate parameter estimates are generated.

Law of Large Numbers (LLN)



Suppose X1, X2, ..., Xn are all independent random
variables with the same underlying distribution, also called
independent identically-distributed or i.i.d, where all X’s have
the same mean p and standard deviation o. As the sample size
grows, the probability that the average of all X’s is equal to the
mean p is equal to 1. The Law of Large Numbers can be

summarized as follows:

E(X;))=p Var(X;)=c¢? fori=1,..,N

- _ ZiLiXi
=N

N = then Pr(X, = ) = 1

Central Limit Theorem (CLM)

Suppose X1, X2, ..., Xn are all independent random
variables with the same underlying distribution, also called
independent identically-distributed or i.i.d, where all X’s have
the same mean p and standard deviation o. As the sample size
grows, the probability distribution of X converges in the

distribution in Normal distribution with mean p and



variance o-squared. The Central Limit Theorem can be

summarized as follows:

E(X;))=p Var(X)=c¢? fori=1,.., N
- _ IhiX
Kn= "

- _d ot
N-=ow then PI"[: Xn) = N (}J-r 'ﬁ')

Stated differently, when you have a population with mean p
and standard deviation o and you take sufficiently large
random samples from that population with replacement, then
the distribution of the sample means will be approximately

normally distributed.

Dimensionality Reduction Techniques

Dimensionality reduction is the transformation of data from a
high-dimensional space into a low-dimensional space
such that this low-dimensional representation of the data still
contains the meaningful properties of the original data as

much as possible.



With the increase in popularity in Big Data, the demand for
these dimensionality reduction techniques, reducing the
amount of unnecessary data and features, increased as well.
Examples of popular dimensionality reduction techniques are

Principle Component Analysis, Factor Analysis, Canonical

Correlation, Random Forest.

Principle Component Analysis (PCA)

Principal Component Analysis or PCA is a dimensionality
reduction technique that is very often used to reduce the
dimensionality of large data sets, by transforming a large set of
variables into a smaller set that still contains most of the

information or the variation in the original large dataset.

Let’s assume we have a data X with p variables; X1, X2, ...., Xp
with eigenvectors ey, ..., ep, and eigenvalues A1,..., Ap.
Eigenvalues show the variance explained by a particular data
field out of the total variance. The idea behind PCA is to create

new (independent) variables, called Principal Components,


https://builtin.com/data-science/step-step-explanation-principal-component-analysis
https://en.wikipedia.org/wiki/Factor_analysis
https://en.wikipedia.org/wiki/Canonical_correlation
https://en.wikipedia.org/wiki/Canonical_correlation
https://towardsdatascience.com/understanding-random-forest-58381e0602d2

that are a linear combination of the existing variable. The ith

principal component can be expressed as follows:

Yi = Eilxl + Eizxz + Ei3X3 + ...+ eip}(p

Then using Elbow Rule or Kaiser Rule, you can determine

the number of principal components that optimally
summarize the data without losing too much information. It is
also important to look at the proportion of total
variation (PRTV) that is explained by each principal
component to decide whether it is beneficial to include or to
exclude it. PRTV for the ith principal component can be

calculated using eigenvalues as follows:

PRTV, = —5——
>

Elbow Rule

The elbow rule or the elbow method is a heuristic approach

that is used to determine the number of optimal principal


https://docs.displayr.com/wiki/Kaiser_Rule

components from the PCA results. The idea behind this
method is to plot the explained variation as a function of the
number of components and pick the elbow of the curve as the
number of optimal principal components. Following is an
example of such a scatter plot where the PRTV (Y-axis) is
plotted on the number of principal components (X-axis). The
elbow corresponds to the X-axis value 2, which suggests that

the number of optimal principal components is 2.
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Image Source: Multivariate Statistics Github

Factor Analysis (FA)


https://raw.githubusercontent.com/TatevKaren/Multivariate-Statistics/main/Elbow_rule_%25varc_explained.png

Factor analysis or FA is another statistical method for
dimensionality reduction. It is one of the most commonly used
inter-dependency techniques and is used when the relevant set
of variables shows a systematic inter-dependence and the
objective is to find out the latent factors that create a
commonality. Let’s assume we have a data X with p variables;

X1, X2, ...., Xp. FA model can be expressed as follows:

X-u = AF +u

where X is a [p x N] matrix of p variables and N observations,
uis [p x N] population mean matrix, A is [p x k] common
Jactor loadings matrix, F [k x N] is the matrix of common
factors and u [pxN] is the matrix of specific factors. So, put it
differently, a factor model is as a series of multiple
regressions, predicting each of the variables Xi from the values

of the unobservable common factors fi:



Xy = iy +agfy + aph+ ...+ agpfnt uy
Xo = Uy tanf; + agph+...+ aypfyt u;

Xp = Up+apsfy + apfo+ ...+ appfyt up

Each variable has k of its own common factors, and these are
related to the observations via factor loading matrix for a
single observation as follows: In factor analysis, the factors
are calculated to maximize betwween-group variance
while minimizing in-group variance. They are factors
because they group the underlying variables. Unlike the PCA,
in FA the data needs to be normalized, given that FA assumes

that the dataset follows Normal Distribution.



